Abstract. We give an independent set of size 367 in the fifth strong product power of C 7 , where C 7 is the cycle on 7 vertices. This leads to an improved lower bound on the Shannon capacity of C 7 : Θ(C 7 ) ≥ 367 1/5 > 3.2578. The independent set is found by computer, using the fact that the set {t · (1, 7, 7 2 , 7 3 , 7 4 ) | t ∈ Z 382 } ⊆ Z 5 382 is independent in the fifth strong product power of the circular graph C 108,382 . Here the circular graph C k,n is the graph with vertex set Z n , the cyclic group of order n, in which two distinct vertices are adjacent if and only if their distance (mod n) is strictly less than k.
Introduction
where α(G d ) denotes the maximum cardinality of an independent set in G d , i.e., a set of vertices no two of which are adjacent. As α(G d 1 +d 2 ) ≥ α(G d 1 )α(G d 2 ) for any two positive integers d 1 and d 2 , by Fekete's lemma [6] it holds that Θ(G) = lim d→∞ d α(G d ). The Shannon capacity was introduced by Shannon [13] and is an important and widely studied parameter in information theory (see e.g., [1, 4, 9, 11, 15] ). It is the effective size of an alphabet in an information channel represented by the graph G. The input is a set of letters V = {0, . . . , n−1} and two letters are confusable when transmitted over the channel if and only if there is an edge between them in G. Then α(G) is the maximum size of a set of pairwise non-confusable single letters. Moreover, α(G d ) is the maximum size of a set of pairwise non-confusable d-letter words. Taking d-th roots and letting d go to infinity, we find the effective size of the alphabet in the information channel: Θ(G).
The Shannon capacity of C 5 , the cycle on 5 vertices, was already discussed by Shannon in 1956 [13] . It was determined more than twenty years later by Lovász [11] using his famous ϑ-function. He proved that Θ(C 5 ) = √ 5. The easy lower bound is obtained from the independent set {(0, 0), (1, 2) , (2, 4) , (3, 1) , (4, 3)} in C 2 5 and the ingenious upper bound is given by Lovász's ϑ-function. More generally, for odd n,
For n even it is not hard to see that Θ(C n ) = n/2. The Shannon capacity of C 7 is still unknown and its determination is a notorious open problem in extremal combinatorics [4, 7] . Many lower bounds have been given by explicit independent sets in some fixed power of C 7 [3, 12, 14] , while the best known upper bound is Θ(C 7 ) ≤ ϑ(C 7 ) < 3.3177. Here we give an independent set of size 367 in C 5 7 , which yields Θ(C 7 ) ≥ 367 1/5 > 3.2578. The best previously known lower bound on Θ(C 7 ) is Θ(C 7 ) ≥ 350 1/5 > 3.2271, found by Mathew andÖstergård [12] . They proved that α(C 5 7 ) ≥ 350 using stochastic search methods that utilize the symmetry of the problem. In [3] , a construction is given of an independent set of size 7 3 = 343 in C 5 7 . The best known lower bound on α(C 4 7 ) is 108, by Vesel andŽerovnik [14] . See Table 1 
e Vesel andŽerovnik [14] f this paper, see the Appendix for the explicit independent set.
2237 and the previously best known lower bound on α(
The paper is organized as follows. In Section 2 we will examine the circular graphs C k,n . We give a construction that yields independent sets in certain C d k,n , and we give an explicit description of an independent set S of size 382 in the graph C 5 108,382 . This independent set does not translate directly to an independent set in C 5 7 . However, in Section 3 we describe how one can obtain an independent set of size 367 in C 5 7 from S, by adapting S, removing vertices and adding new ones. This independent set is given explicitly in the Appendix.
Circular Graphs
For two integers a, b, let [a, b] denote the set {a, a + 1, . . . , b}. For k, n ∈ Z with n ≥ 2k, the circular graph C k,n is the graph with vertex set Z n , the cyclic group of order n, in which two distinct vertices are adjacent if and only if their distance (mod n) is strictly less than k. In other words, it is the circulant graph on Z n with generating set
Note that by definition there is an edge between two distinct vertices x, y of C d k,n if and only if there is an i ∈ [1, d] such that x i − y i (mod n) is either strictly smaller than k or strictly larger than n − k. For distinct u, v in Z d n , define their distance to be the maximum over the distances of u i and v i (mod n), where i ranges from 1 to d.
n is the minimum distance between any pair of distinct elements of D.
For any graph G, we write G for the complement of G. If G → H, then α(G) ≤ α(H) and Θ(G) ≤ Θ(H). The circular graphs have the property that C k ,n → C k,n if and only if n /k ≤ n/k [5] .
k,n ) and Θ(C k,n ) only depend on the fraction n/k.
An independent set in C d k,n gives an independent set in C d 2n/k , since C k,n → C 2, 2n/k . Explicitly, consider the elements of Z n as integers between 0 and n − 1 and replace each element i by 2i/k , and consider the outcome as an element of Z 2n/k . This gives indeed a homomorphism C k,n → C 2, 2n/k as the image of any two elements with distance at least k has distance at least 2.
First, we will give an independent set of size 382 in C 5 108,382 . As 382/108 > 7/2 this does not directly give an independent set in C 5 2,7 . However, in Section 3 we try to adapt the independent set, remove some words and add as many new words as possible to obtain a large independent set in C 5 7 .
Proposition 2.1. The set S := {t · (1, 7, 7 2 , 7 3 , 7 4 ) | t ∈ Z 382 } ⊆ Z 5 382 is independent in C 5 108,382 .
Proof. If x, y ∈ S then also x − y ∈ S. So it suffices to check that for all nonzero x ∈ S:
Let x = t · (1, 7, 7 2 , 7 3 , 7 4 ) ∈ S be arbitrary, with 0 = t ∈ Z 382 . 1  7  49  343  109  2  14  98  304  218  3  21  147  265  327  4  28  196  226  54  5  35  245  187  163  6  42  294  148  272  7  49  343  109  381  8  56  10  70  108  9  63  59  31  217  10  70  108  374  326  11  77  157  335  53  12  84  206  296  162  13  91  255  257  271  14  98  304  218  380  15  105  353  179  107   40  280  50  350  158  41  287  99  311  267  42  294  148  272  376  43  301  197  233  103  44  308  246  194  212   45  315  295  155  321  46  322  344  116  48  47  329  11  77  157  48  336  60  38  266  49  343  109  381  375  50  350  158  342  102  51  357  207  303  211  52  364  256  264  320  53  371  305  225  47  54  378  354  186  156  55  3  21  147  265  56  10  70  108  374  57  17  119  69  101  58  24  168  30  210  59  31  217  373  319  60  38  266  334  46  61  45  315  295  155  62  52  364  256  264  63  59  31  217  373  64  66  80  178  100   65  73  129  139  209  66  80  178  100  318  67  87  227  61  45  68  94  276  22  154  69  101  325  365  263   94  276  22  154  314  95  283  71  115  41  96  290  120  76  150  97  297  169  37  259  98  304  218  380  368  99  311  267  341  95  100  318  316  302  204  101  325  365  263  313  102  332  32  224  40  103  339  81  185  149  104  346  130  146  258  105  353  179  107  367  106  360  228  68  94  107  367  277  29  203   Table 2 : Part of the verification that S is independent in C 5 108,382 .
The authors found the above independent set when looking for answers to the following question.
The independent set from Proposition 2.1 was found by computer (with n ≥ 350 and d = 5 such that n/k(n, d, q) is close to 7/2). Question (4) seems not easy to solve in general.
Description of the method
Here we describe how to use the independent set from Proposition 2.1 to find an independent set of size 367 in C 5 7 . The procedure is as follows. (iii) Replace each letter i, which we now consider to be an integer between 0 and 381 and not anymore an element in Z 382 , in each word from S by i/54.5 . Now we have a set of words S with only symbols in [0, 6] in it, which we consider as elements of Z 7 .
(iv) Remove each word u ∈ S for which there is a v ∈ S such that uv ∈ E(C 5 7 ) from S , i.e., we remove u if there is a v ∈ S with v = u such that u i − v i ∈ {0, 1, 6} for all i ∈ [1, 5] . We denote the set of words which are not removed from S by this procedure by M . The computer finds |M | = 327. Note that M is independent in C 5 7 . (v) Find the best possible extension of M to a larger independent set in C 5 7 . To do this, consider the subgraph G of C 5 7 induced by the words x in Z 5 7 with the property that M ∪ {x} is independent in C 5
7 . This graph is not large, in this case it has 71 vertices and 85 edges, so a computer finds a maximum size independent set I in G quickly. The computer finds |I| = α(G) = 40, so we can add 40 words to M . Write R := M ∪I. Then |R| = 327+40 = 367 and R is independent in C 5 7 .
The maximum size independent set I in the graph G in (v) was found using Gurobi [8] . In steps (ii) and (iii), many possibilities for adding a constant word and for the division factor were tried, but no independent set of size 368 or larger was found. Also, the independent set R of size 367 did not seem to be easily extendable. A local search was performed, showing that there exists no triple of words from R such that if one removes these three words from R, four words can be added to obtain an independent set of size 368 in C 5 7 . Remark 3.1. One other new bound on α(C d n ) was obtained (for n ≤ 15 and d ≤ 5) using independent sets of the form from (4). With n = 4009, d = 5 and q = 27, we found k(n, d, q) = 729. As n/(k(n, d, q)) = 4009/729 < 11/2, this directly yields the new lower bound α(C 5 11 ) ≥ 4009. The previously best known lower bound is α(C 5 11 ) ≥ 3996 from [10, 12] . However, the new lower bound on α(C 5 11 ) does not imply a new lower bound on Θ(C 11 ). It is known that Θ(C 11 ) ≥ α(C 3 11 ) 1/3 = 148 1/3 > 5.2895 (cf. [3] ), which is larger than 4009 1/5 .
